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METH0DS oY SOLU-TION

USE' OF NUMERICAL ANALYSIS IN INTERNAL BALLISTICS

-,vrious varia*ble quantities possessing definite physical

Ssigiaificance usually take part in processes which occur in nature

-_ rare :Considered in technology. In this connection, numerical

variations of-one or more. quantities are accompanied by or

.. .associated with variations of other variables. Thus there always

:exists a defifite, functional relation between the variable quantities

u under consideration. This functional relation may be expressed

b1 means of three methods, such as tabulations, diagrams, and

r frmulas; In the vast majority of procesces, especially those

encountered in technology, this relation is expressed by the aid

of tables or diagrams obtained directly from experiment or from

observation of the process, whereas the formulas appear only after

A4 subsequent aniysis of the results obtained, and then only in the

4 case~of the simplest processes. It 'is thus apparent that the most

.;atural mean of expressing a functional relation between variable

quanti.ties representing in their totality the process under

investigation is a tabulation; this is especially true'when such] a process is being utilized directly for technological purposes,

.. in.which case a formula or even a diagram will not serve the purpose,

. .and only numerical values of the variable quantity considered to

be of. primary importance on the basis of practical considerations

must 6e had.I

- Numerical analysis must thus serve as a means for studying and

making practical utilization of the functional relations between the J
• F-TS-7327-RE 612 '
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variable quantities involved.

Ordinary differential equations may be approximately integrated

by means of any of the known methods of which there are a great many.

These methods include the following: _-

1) Expansion in a Taylor's series in powers of the argument.

2) Integra.tion by the method of successive approximations.

3) Expansion in a series in powers of small parameters entering

into the equation.

4) Expansion in a seres in powers of the initial values of the

unknown function and its derivatives.

5) Method of successive approximations applied to equations for

vibrational motion.

6) Methods of Euler, E.L. Bravin, and others.

7) Method of numerical integration.

The first six methods do not require the use of finite differences;

all variants of the method of numerical integration are based on the

use of such differences.

The principal variants of the method of numerical integration

are discussed in the book by Academician A.N. Krylov, "Lectures on

Approximate Computations". _4_7

Fundamental information on the theory of finite differences and

on the technical features of their application to the engineering of

artillery may be found in the book by Professor G.V. Oppokov, "Numerical

Analysis Applied to the Science of Artillery". /-5_7

( Internal ballistics is an applied science possessing a

perfectly definite technical content (the study of the motion of

a projectile in the bore of a gun and of the laws of burning of powder)
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and a perfectly well--defined technical objective: the creation of

Means for plotting the curve of the speed of the proje~ctile in-the

* bre.and'for-pAotting the curve of the pressure of the powder

1gases-in-the bbjre as functions of the path of the projectile and

of tine.

( heecuve~can be plotted after obtaining suit/ble tabulAtions

giving~the fuxnctional relation between the various variable

* qu a ntitfis participating in the phenomenon of a shot. The necessary

-tabulations tie obtained by analyzing primary experliAental data and

those formulas which, in their simplest form, ex*press the relation

!existing between, the initial variable quaiftities,

'the use of numnerical analysis constitutes the subject treated

-is this section of the book.. The essence of numerical analysis,

'its Specific .features and its principal operations will also be

Considered. here in the proper degree.

CHAPTER' ~ -NUMERICAL I-NTEGRATION- BY FINITE DIEFERENCES

-$ (Written 4b'y Professor G.V. Oppokov)

1. APPLICATION OF NUMERICAL INTEGRATION TO THi'E DEEMINAIiON
OF FUNCTIONS - *

1) Concept of Tabular Functions

That variable function whose..numrical-values can be chosen

arbitrarily is usually designated I& the arguiiept. or as the

k-independenft variable quantity. -The. remaining variable quantities

takingj part-in the process under conside ration are then designated

asfncoxs -

Let us assume that a certain indepen'den't-variable quantity takes

on a series of, particular values:

-;."LES MEE & 4~F CO. Ic
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x0X 1 , X2  xn,

which are separated from one another by invariable equal° intervals,:

so that:

x x 0  x 2  X 1 X +1 -XX n _1X -x h.

This interval is called the step of the argument and is

designated by h.

In addition to the step h, the limits of the region x0 and x

must be stated in the form of finite numerical values.

Cases in which the step h is variable, or in which the variable

x assumes infinitely large values in the region under consideration

from x0 to xn, including the limits of the region themselves, are

not considered at .all.

Furthermore, let some other variable quantity y also assume

a series of particular values:

YOP YI' Y2''''p Yij' ." YnJ* 1

each of these particular values corresponding to one of the particular

values of the argument x, so that it is always true-that:

Yi "f(Xi)

where:

Si 0 1, 2,..., n- 1, n.
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It follows that- the functional relation between the variables

yand' x is established in the formn of a, tabulation.

. .- \ An example of such a relation is presented in Table 4.

"----/'Table 4- Pressure-Curve as a Function"of Time t.

ti-O3 sec 0 [ 4 8 12 16 18 20 21 22 23 23.5 24 2'4.5 25

4 1 23 26 32 48 63 88 105 128 175 223 274 33-V 394

t 'O13 sed, 25.5 26 26.5 27.0 27.5 28 28.5 29 29.,5 0 30.5 33.75 31

466: 1546 636 9 857 990''1137 1312 1516 1743 1983 2097 21-75

-This table is the result of analysis-.of experimental data

obtained by burning ir a bomb a weighed sample of strip powder grade

" P (Ix18 x 40' m)a t A- 0.201. The values of t were cbosen when

evaluating, the experimental data, so-that t is the argument; the

values of pressure p Were taken from the experimental curve for the.

-chosen rAlues of t. Consequently, the pressure of the powder gases

4 is a function of the time t.v i n o

..... ..----Use has been made in Table 4 of the so-called vertical notation,

-which we shall adopt henceforth. In this notation the particular

values of each of the variable quantities are invariably placed in

one row," whlle each column contains one particular value of each of

ihese v*a'iables. This notation is found to be most convenient for

the various operations to which the functions stated by the

tabulation are subjected.

2) Finite Differences of Various Orders.

'Once a function haa b en given in table form, it is not difficult

:to find the so-called finite differences, of this function'or, more

.F-TS-7327;-RE . 616 .1
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simply, its ta'ble of differences, these diflerences being of various

orders. Thus, for a portion of Table 4, we obtain the following

table of differences.

Table 4-a.

t.103  23 23.5 24 24.5 25 25.5

p 175 223 274 330 3-I 466

Ap 48 51 56 64 72' -

A2p 3 5 8 8 - -

A3 p 2 3 0 - -

Thus on the basis of the table of particular function values

it is possible to compute the following differences:

Apo = Pl.- P0 . 223 - 175 -48

APl - P 2 - Pl M 274 - 223"- 51

AP2 m P3 - P2 - 330 - 274 - 56

These differences are called differences of the first order or,

more briefly, as the first differences.

From the first differences, the following new differences can

be easily found:

- Ap 1 - Ap 0 - 51 - 48 - 3

A2 p 1  Ap 2 -Ap - .56 - 51 - 5

202 -AP 3 - Ap2 - 64 - 56 - 8
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These new. differences are now called differences of the second

order, or second differences.

From the second differences it is also possible to compute in

a simila m nner the third differences:

&3 . -P0 A2 p1  62 p 5 3
.." - -5-3-2

& 3 p, Pmp2-  - p1 = 8 2 = 3
3p 2 -2p3 - 2 p2  -8 8 - 0

followed by the fourth differences, etc. Generally, by definition,

the kth differeit ecuals':

Aky1  a k-l-ly i

- i+i kli

Rule. In formulating a table of differences, the number at

the left'qust be subtracted from the number at the right in the

same row, and the result recorded in the next lower row under the

number at the left.

It is useful to point out that in following this rule the

differences with the same subscript (the function itself also being

considered as a zero order difference) are automatically recorded

in one and the same column.

iI

I|

-
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i.

Table 4-b. "
x x 0  x I  x2  x3  x 4

Y YO Yl Y2 Y3 Y4

Ay yO AY 1  Ay2  Ay3. -

• , 2y A2y 1 j 2y2  - -

A3y__y0  3Y " __Ny 03__

In the table of difference%, in the column for i - 0, for

example, are found differences such as:

P0 " 175, Ap 0 = 48,
2p0 A3 p0 -62 ".3, A "2 0 M-
00

etc.

3) Certain Properties of Finite Differences.

1. All differences of any order can be expressed only in terms

.of particular functions of the function itself.

By definition of the first differences:

'&Y0 - Yl - Y) Ayl Y2 - Y Y2 " Y3 - Y2*

Then, by definition of the second differences:

A2y0  A -AY 0 - (Y2 - Y1
) - (Yl - Y0 ) -2 2y +y

f 2yl "AY2 -Ayl (Y3 - Y2 )- (Y2 -y 1 ) Y3 -2Y2 +yl

etc. Generally:

F-TS-7327-RE 619
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I
'~~~ - Yi2 - i+.~--

The same procedure can also be applied tb differences of higher

orders.,-

2. A constant number can be taken outside the difference symbol

( of a.ny order and, conversely, can be brought inside this difference

symbol.

Let:

y-c f(x).

where c is a constant number. On the basis of the definition of

differences,..we have:

Ay - cff(z + h) - c.f(x) - c./f(x + h) f(x) -. f(x).

Thus,

• c-f 73 CAf WX)

By rewriting this relation fron right to left, we obtain:

cAf(x) A n-cf(x)7.

Thin is a mathematical formulation of the second part of the

assertion under consideration.

3. For an entire function of the kth degree:

F-TS-7327-RE 620. ..

-CHARLES A. MEYER &



k k-1
y- A -(x x ) + AI (X - x I..+ Akl(x -xx) + Ak;

the " differences are identical.

Let us confine ourselves to the case of k- 2, so that-

/ y- A(i- x) 2 1- A 1 (x- xi ) + A2.

Taking //

xi+ xi + h;

" xi+2 xi + 2h;

x1+ 3 -x i + 3h.

we obtain from the formula for the entire function:

Y, = A - Ayi Y-Y-LY yi A h2+Ah

2 2

Yi~ 1 mA 0 h + A h + A Yi+I 3A0h
2 +

yj+2  4A0h
2 + 2Alh + A2 ; AY+2 - Y + 5Aoh 2 + A h;

"Y+- 9Aoh + '3Alh + A2 ;

and fiw::lly :

-, A2 yi " Ay. 2Aoh 2 ;

/
Ay I +2 - Ayi+1 " 2 A h2

F-TS-7327-RE 621
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'The differe:nces A i andA are found to be identical

.(because A. and h are constant numbers), which is what we set

out to prove.

" 4) Determination of Coefficients of an Entire Function.

Let us undertake the task of expressing the coefficients of.

an entire function in terms 'of differences of this function. lo

do- this for the case of k - 2, we shall make use of the following

relations:

- 2  2 h2

Y-"A 2 ; AYi Ah + AIh; A2 yi 2A0 h

Substituting the value of A from the last relation, namely:
0

A A2 yi

A0 -
'2h2 '

into the equation forAy1 , we find:

1 2
AYi - A Yi + Alh,

whence

A1  ,. (2Ayi  A 2yi).

Thus, finally:

2-2
A yI 24yi -Ayi

A0 - ;,A - 2h2  2- Yl

F-TS-7327-RE 622
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The coefficients Jnor an entire third degree function can be found "

in a similar manner:

A 3y A2 y - A ; 1-
At A

0 6h 3 ' 2h2

6Ay., - 3A2 yi + 2A3yi
A2 6h; A3  Y1 .

These coefficients will be needed subsequently for deriving the

formula of the interpolation function. It is of interest to note the

fact that the coefficients of the entire function are here expressed

in terms of differences with the same subscript i.

The same method may be used to determine these coefficients

in terms of differences with different subscripts. Ihus, for

example, by taking ti, ti-1 , ti_ 2, ti_ 3 (instead of ti , ti+l ti.2,

t +3), we shall find the following relations:

3 3~
A yi- 3  Ai-2 i-3.A 0  -;A, M

6h 3  2h2

A 66 yI.;.I + 3A 2Yi1-2 + 2 3 yi-3; A3 i
2  3

6h

These relations, which the reader himself will be able to derive

directly by using the same method, will find. an. application

in the derivation of working formulas for tfie'.numerical integration

of equations.

5) The Practical Value of Differences.

Differences are employed for the following purposes:

a) Det6rmination of intermediate values of a function.

F-TS-7327-RE 623
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b) Computation of intermediate yalues of the argumcnt.

c) Factual determination of derivatives of various orders of

a function.

% d) Determination of definite integrals.

e) Numerical integration of ordinary differential. equations.

( The universal character of thee differences usded-in the

operations enumerated above is reflected j3n the fact that it is

perfectly immaterial whether the function has been stated in the

formof a tabulation, a diagram, -or a formula.

It has already been established that the kth. difference of an

entire function of the kth degree is constant. It is not difficult

to show that, conversely, if the differences of the kth order of

a certain function are constant, the latter is an entire function

of the kth degree.

This proposition constitutes the cornerstone of the utilization
b

of differences in all of the operations indicated above, for the

following reason. If the formulation of the table of differences of

a certain"fuinction shows -that the kth-differences are almost constant,

we have the right to replace our function by an entire function of

the kth degree and then subject the latter function to all the

necessary" operations.

It is this entire function which is designated as the interpolation

function. A general expression for it must be derived. When k - 3,

we have:

Y A(X x)3 +'AX - 2_ x"A

y (X- x + Ai(x - xi)_ + A2 x - x) + A 3 .

F-TS-.7j27-RE 624
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Let us introduce such a variable that:
- '

x *X. + El, -I

where h is the step. Then: H
* 'Ix - x

h

The quantity is called the. coefficient of interpolation.

Using the coefficient of interpolation and the general relations

for the coefficients. AO , A,, A2 , A3 of the entire function as derived

in Subsection 4, we shall rewrite the formula for the interpolation

function as follows:

A3yi 3  A2yi -__3y__- ____Y __+ ____y_y 3 2 3 2 3A'

-& + 3 6Ayi M 3y + 2A Yj
6 2 6 +

or, finally, after regrouping the terms:

Y +  'a y i -62 - 2 + 1L(I- T)(2 - 3 (105)
2 1 6

The interpolation function is'-t-hus-found to be expressed in

terms of differences of the given function up to and including those

of the third order, with all these differences having one and the

same subscript.

In replacing any function (regardless of the manner in which it

is stated)' by this interpolation 'function, it -Is categorically

F-TS-7327-RE 625

- .. " CHARLES A. MEYER & CO. T
D J '- "" "" ' '- ,;, , :'-~. - ' '. ,':.E - % - ,4W , .. -;.....:=., .~ .-.



'I

imperative to direct attention, on the basis of the table of

i differences of the given function, to the character of the variation

of these differences'; it is necessary; and triply necessary, that

the kth dif ferences be nearly constant.

Obviously this condition will be satisfied the better the smaller

the absolute values of the differences of any order.

-Rule. In order to reduce the differences of any order, the.

step must be reduced.

This, rule results from the following, relation:

a y y(k) hk + hk = hk(y(k) + E, i'

*here y(k) is the kth-order derivative of x, and E is an infinitely

small quantity of the highest order. The relation itself, which

Is derived at the proper stage of the differential computation,

represents a generaliz'ation of the better-known relation between

the increment of a function and its differential:

" ... Ay -dy + hE

,or:

Ay - y'h + hEi- h(y' + i).

Thus, as the step is halved, the first differences decrease

approximately by a factor of two, the second differences decrease

by a factor of four, and the third differences decrease by a factor

* of eight.
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6) Determination of Intermediate Values of a Given Function.

To determine the intermediate values of a given function,

regardless of how it is stated, it is necessary to formulate a

table of differences of this functi'on and, having made certain

that tjie second differences are constant or are very small in

comparison with the particular values of the function itself, replace

it by an entire function of the second degree, i.e., by an interpolation

function (105):

1 9
y y + A " Yi - -9 0 - 9)a Yi. (106)

where y designates the .tabular value of the given function

corresponding to the next smaller value of the argument nearest

to that value of x for which the intermediate value of the function

is sought.

Khowing the intermediate value of x for which the intermediate

value of the given Sunction is sought, and having obtained from the

table of differences of this function the nearest value of xi, we

can determine the value of the coefficient of interpolation r and

the unknown value of y by means of formula (106).

Example 1. Given the following table of pressure impulses:

Table 4-c

t.10 3 ] 20 21 22

1 71.0 80.6 92.1

F-TS-7327-RE 627
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where the impulses are expressed in kg-dm -sec, determine the

pressure impulse for t - 0.020556.

Solution. Let us formulate the table of differences:

Table 4-d.

t" 3  20 211 22

1 71.0 80.6 92.i,A 9.6 11.5

62I 1.9,

Let us find the coefficient of interpolation:

t - t i  0.020556 - 0.020
.-0.556.

h 0.001

The desired: intermediate value of the function is:

I - IA + "oI - -(1 - - 71.0 + 0.556 9.6 - 556(1 -
2( 2

- 0.556)1.91

since

- 0,556; I - 71.0; AI - 9.6 andA 2 - 1.9.
i

We finally obtain:

I - 71.0 + 5.33 - 0.25 76 kg'dm-2 sec

7) Computation of Intermediate Values of the Argument.

Cases are sometimes encountered in practice of a contrary nature

in which an intermediate value y of the function is given and it is

required to find the coefficient of interpolation and the intermediate

value of the argument x. Such an operation is sometimes called zn'-

F-TS-7327-RE . 628
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inverse "interpolation.

Then, discarding the last term in formula (106), we obtain as

a first apl;roximation:

Y - "Yi

AYi

As a second approximation, we find for from the same formula

(106):

Y -Yi

A yi  1 - -2

Let us assume in the right-hand side of the above expression

" 1then in the second, approximation:

Y - Yi

1 2

Ay- -(1 - 2 Yi
1 21 1

where is already known from the first approximation.

Sometimes the following expression is used as the third

approximation:

53" Y Yi

1 tyi+13
Iyi  -(1 2 ) yi+ -(l - 2)(2 - )Ay

F-TS-7327-RE 620
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This formul -a can be easily obtained from the general expression

parentheses, determining i, a'd substituting in the right-hand side

E known from the second approximation.2

The desired value of x will be:

X Xi . 2h or x x + h.

Example 2. We have the followiiog table for the relative

portion pof the charge:

___Table 4-e.31
t.10 20 21 22

0.034 0.042 0.054

It is desired to find the value of t corresponding to the inflow

* of gases 'i-0. 038.

Solution. Let us formulate the following table of differences:

Table 4-f. ___

t-10 20 21 22

0.034 0.042 0.054
W 0.008 0.012 -

&2 ' 0.004 --

We obtain as a first approximation:

~j~'y 0.038 -0.034

we find as a second approximation:-

F-TS-7327-RE 630.
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-0.038 - 0.034 4

2 1 12.221 2 o.008 - --. lo.001 7

The desired value of the argument is:

t - ti + 92 h - 0.020 + 0.556(0.024 - 0.023) - 0.020556.

8) Numerical Differentiation of Functions.

For this operation it is necessary, first of all, to formulate

a table of differences of the given function and to make absolutely

certain that the differences of the third order are nearly constant.

This fact makes it possible to replace the given function (regardless

of the manner in which it is stated) by the interpolation function

(105):

Y" Y, + & "1 i + 1 (l 29)(2 - 3yi.2 6

From this we find the desired derivative:

d y - tI d d A y 1 1 _d dg
dx , dx Yi + 2 (22 dx dx i 6 dx 6 dx

+ 3g2 dI"\ A
3

d2Yi, YiY

keeping in mind that the differences yIP Ayi, &2 yi, and A3 y are

certain constant numbers.
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We place the derivative d- outside the parentheses:
!d x

dy d " i + -1(2t l t y + (2 6t + 2) 3 1y
d' i

But

x - x _ ;i.
h

td

dx h

Therefore, finally:

dy h Yi + -iA2 y + 2 + 1.A3Y

dx h 2)T~ 3~,i

Such is the general working formula for numerical differentiation

by means of differences of the given function. It permits finding

. the value of the derivative at any value of the independent variable x

(i.e., at any ). This formula assumes its simplest form at 0:

J i y42 Xy i  _163Y

F! 1dx h y 3 i 1

This relation permits determinitg the derivative only for those

values of the argument which appear i\ the table of differences of

the given function (i.e., for g- 0), by applying the subscript i

successively to each column of this ta le.
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If the step 1) Js not a prime number (for example, 557), the
738

constant h may be introduced under the sign of the difference of

any desired order. Therefore, upon introducittg into the process

the auxiliary function:

-1

we obtain

S2. 12 3 1 3
a'5yi ; 4i -- y. ; 4t - -A y

h h 1 h i'

and the working formula for numerical differentiation acquires its

final form:

( ) "  i d x  2 1 3 1

Example 3. We have the following table for,', the relative portion

of the charge:

Table 4-g.

t-1 21 21.5 22.0 22.5

.10 3  42 47 54 64

It is desired to find the rate of gas formation L. at the instantdt

t 0.0210.

Solution. Let us formulate the following table of differences:

V .i 
•

F-TS-7327-RE - 633
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Table 4-h.

t.103  21 21.5 22.0 22.5

103 42 47 54 64

a "103 5 7 10

*2W. 103 2 3

Since the given values are t1 l103 - 21 and yi-103 - 42, it

-follows that:

3 &2(V. 103 3 3

A(%Vl03 ) - 5; . 2 ( i 10
3 ) -2; (1Y1io3) - 1.

The first of the working formulas for the derivative
dx

will make it possible to determine the rate-of gas formation (h -

0.510) :

d( '10 ) 1 [( 03) 1+ A3 103dt h "  "10 ) - 2  (  0  3  -  ''

from which:

'T 5-1 8I

dt 0.5 sec
)t-0. 021

- 49) Coputation of Definite Integrals.
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b

Fig. i52 - Determination' of ydx as a function of x from the

a
curve y- f(x).

If it is necessary to find any definite integral:

b ydx, "

a

.where the limits of integration a and b are finite, this operation

is equivalent to computing the shaded area shown in fig. 152, which

is limited at the top by a curve representing the function whose

integral is to be found. To compute this area 'Y, the usual "method

is applied first: the interval of integration (b - a) must be

divided into n equal portions, lines normal to the O-x axis are

then erected at the po.ints of division, and the unknown area is

divided into elementary areas:

A NO' 1 YIP .. " AY t ' "" AY n 1 "

The problem is then reduced to the determination of these

elementary areas. For this purpose it is sufficient to replace the

portion of the curve-I(x ) corresponding to the elementary area
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4AY' by a. cuibic parabola, kee, g~ in mind that:

xS ydx.T

This replacement is accomplished by means of the interpolation

'I, ~ ( function:

1 -- *&)A2'+1 1(2 43yi
1 2 6

-where

io that:

Consequently, after replacing the variables, we have:

4&Y, 'h y AYj (1 J )L 2 yi + g.(l 9 )(2 g )Ayi dt.

We integrate the right-hand side of this relation keeping in

mind the fact that yi, Ayi1, A2 y and A yip being particular values

of the corresponding differences,.are constant numbers:

Ay hi y~ + -it Ay~ -) Yi+ E2 S23 + ) !"'.y
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from which', after substituting the e£-t eje values of , we obtain:

2 12 i 24 YifYj -h Yi-+ -g yi - lA +J-A3i"

This is the working formla employed in finding a definite

integral by the method of nuerical integration.

To determine the unknown integral, it remains necessary

to summate gradually and successively the individual elementary

areas:

YI Y0 +AY
O ; Yi Y i-I +AY i-

1 ;

Y Y +AYI;

Yn Yn-l +AY n - I "

Example 4. We have the following table for a function to be

integrated:

Table 4-i.

t"10 3  8 12 16 20

p, kg'cm-2 ' 26 32 48 88

It is desired to find the elementary area AI, the subscript i being

applied to the first column.

Solution. Let us formulate t e following table of differences:

Table 4-j.

t.13  8 12 16 2
p .
Ap 6\116 j40
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Table 4-Jj ont'd.)/

Since:4

h -4.10- 3; Y 26; Yj 6;d 2 yi-10 A3 Yi 4

the elementary area under consideration will be:

&Y1 ih(iI i - 1
-y +

1 2 12 i 2

4-103 2 + 10 14) 4.10-3(26 + 3 -1 I )-=

JS,10-3.29~ 0.116 kg.sec-crn'2  11.6 kg.sec.dm- 2 .

10) Determination of.Pressure Impulse from a Pressure-
Bomb Test.

As is already known from the preceding course in internal

ballistics,, the pressure impuklse is expressed by the following relation:
t

I S pdt;

It is clear that in order to determine it from A-bomlib-test

( yielding directly the (pp t) curve, it is necessary to compute a

definite i ,ntegral, for which the pressure of the powder gases p is.4
the function being integrated and the time t is the independent
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variable. This can be accomplished of course by means of one of

the usual methods of quadratures. However, it is usually

necessary to ha-ye a turve for the pressure impulse as a function

of the gas inflow ,; in other words, in addition to the pressure

impulse IK at the end of the burning of the powder, it also

,/ becomes necessary -to find a series of intermediate values for

thir, quantity, which will correspond to intermediate values of the

gas inflow. This problem is solved most simply by the method of

numerical integration.

Example 5. Given the pressure curve (p, t) represented by

Table 4, find the correlation (I, %) by means of the table correlating %p

with t.

Table 4-k -.Experimental Table of y4 as a Function of t.
--3'

t-10 0 4 8 12 16 18 20 21 22 23 23.5 24 24.5

YO.103] 0 2. 3 6 14 22 34 42 54 79 101 127. 155

t.10 3 25 25.5 26.0 26.5 27.0 27.5 28.0 28.5 29.0 29.5 30.0 30.5 31.0

j'103 186 221" 260 304 354 409 470 539 611 711 813 919 1000

Solution. We perform all computations on the working form in

Table 5, without considering third differences, and designating:

1 1 2, 1.2p
F.- y + -Fay - .-tA y - p + -Ap A P;

2 12 2 12

from which it follows that:

Ai -.AY - h I + Ay i  A2y) - h.
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The computations in Table 5 are conducted in rows, prtceeding

from left to right in each ruw and downward from one row to the

next, in the following manner.

1) The first row is filled with values of the argument, t.103 .

2) The numbers for the pressure are taken from Table 4 (page

616).

3) From each number in the second row there is subtracted

the preceding number in the same row, and the result is written

under the left-hand number of this pair:

23 - 21 - 2; 26 - 23 = 3; etc.

4) The numbers in the fourth row are obtained in the same

manner as in the preceding row:

3 - 2 - 1; 6 - 3 - 3; etc.

5) The numbers of the second row are repeated.

6) The numbers.in the third row are halved.

7) The numbers in the fourth row are divided by 12 and written

with the opposite sign.

8). The numbers in the three- preceding rows are added.

9) The numbers in the eighth row are multiplied by the step h,

the decimal pint being correctly placed (cf. Example 4) to convert

kg.sec-cm -2 ijto kg-sec-dm- 2 .

10) To ob ain the next succeeding value of Ii,.it is necessary

to add to the receding value of li_ 1 the corresponding increment

Ali-l:

F =S7i-1 + AlE4
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or, in other words, it is necessary t( add the two numbers in the

ninth and t(-nth rows of the preceding column:

0 .88 - 8. 8;

8.8 + 10.0- 18.8, etc.

By taking the values for the gas inflow q and the pressure

impulse 1 corresponding to the same instants t, it is easy to

obtain the desired correlation between I and q4(cf. Table 6).

Table 6 - Correlation between I and %P for Test.

I kg.sec-dm-2  0 9 19 30 45 56 71 81 92 107 117 129 144 162

.103 0 2 3 6 14 22 34 42 54 79 101 127 155 186

I kg-sec-d&2  184 209 238 273 313 359 412 473 544 625 718 770 823

*10 3 221 2 6 0 3 0 4 354 409 470 539 619 711 813 919 967 1000

Table 6 will be needed subsequently for the solution of the

principal problem of internal ballistics (determination of the curves

for the speed of the projectile and for the pressure of the powder

gases as a function of the path of the projectile). This solution

must be prepared by a discussion of the necessary theory, which will

be undertaken in the next section.

2. NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS

11) Numerical Integration of First-Order Equation

We have such an equation in its general form:

F(y, y', x) - 0.
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It is composed of the foll'wing elements: the independent

vari~;ble x, the unknown function y, and its first derivative y'.

It is necessary, first of all, to determine this derivative from

the general equation:

y- f(y, x).

It is this equation which is solved by the method of numerical

integration, regardless of the form of the function which constitutes

its right-hand side. In practice, what is usually found is not

the total integral of the last equation (in which case, of course,

numerical integration cannot be employed), but, rather, a partial

integral, in consequence of which it is necessary to indicate the

"initial conditions", i.e., the values of y0 and x. In addition,
the value of x n at the end of the finite region of integration, must
also be known. Under these conditions the desired function will be:

xn

y - y'dx

x0

or
x
n .

y- J f(y, x)dx.f
x0

The problem is consequently reduced to the finding of a definite

integral whose characteristic feature is such that the part of the

function to be integrated is played by the derivative of the function.
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It would seem that, as on the previous occasion involving the finding

of a definite integral, it might be possible to perform computations

by rows and to mike use of a working formula containing differences

of an auxiliary function with the/s.me subscript i. In actual

practice,, however, this procedure cannot be adopted. As a matter

of fact, the last formula shows that the function to be integrated

includes the origin,l function itself, and we tflus obtain a "vicious

circle;" .in order to determine the particular value' y of the function,

we must know the particular va'lue 4', and in drder to determine

this particular value of the auxiliary function:

/

Sf(Y x)h

we must have the value of Yi which is a constituent cf- the auxiliary

function.

It is now clear that in performing numerical integration of the

equations it is not possible to perform computations by rows, it*

being necessary instead to prcceed gradually, step by step, performing

the required computations downward along each column and to the

right from one column to the next.

Let us further assume that the values 4 i-3' 'i-2' 4'il" and 4).

of the auxiliary function have already been found. With their aid

it is possible to compute the following differences.
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Table 6-a.

2 - 3  i- 2

14i 2 i4? 12-3possible to make use cf the following formula for determining definite

1 2 21 12 3 .i2

i1

because the differences Ati, A2-ti and A3 -ki are not yet contained

in the table. Consequently, it becomes necessary to derive an

additional formula containing the differences:

2 i-2' i-3'

already contained in the table.

For this purpose, as on the previous occasion, we shall replace

the functioh to be integrated, y' - f(y, x), by the following

interpolation function:

Y"- A0 x -,xj) 3 + Ai(x x) 2 + A( - xj) + A3,

and the n:
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Xi+l X i+l
-1 y $ f(y, x)dx 3 F-Ao(x - )3 Al(x - + A2 (x - xj) + A7dx -

X, X.

1 1

IA(X - x) 4 + A(X - ).+ -A (x - x) + A(x - xi)
140 1 22 1 3( x

i X.
1

whence

1 1 3 1 2
Ay Aoh -Ah + AAhh2 + A h,

because

x_+ -x. -h.

In contrast with the preceding case, we shall substitute here

the following.values for the coefficients:
3 y!-3 Y!- + &3y!-3

A - I A1  -2 +

0 6h3  2h2

6Yiy + 35 2 y 1 + 2A3 y 3

2 6h 3 Yi

which are e pressed in terms of differences of the function y under

the integral sign provided with the required subscripts.

Followi g obvious transformations, we obtain:
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1 5,y 3 A3,,
Ayi " h(y 4, 2^y' + ! - + .-- A Y-."

. "i-1 12 Y1 .2  8 i-

oI

It .is usually convenient to make use of the following auxiliary

function:

P- hy',

the derivative y' being computed. in accordance with the given equation:

y- f(x, y).

Then:

b 4-;hy &2Y2 h3 3
hy:- - ; Y - " i-:;_ h,2 y_2  _ h yi_ 3  A i-3

and the working formula.for the numerical integration of ordinary

differential equations of the first order will assume the following

form:

.Yl i + : ~i-+ 5A 2 + 33 ...
2 id1 12 1-i2 8~ 1-~3.

This formula now includes differences of the auxiliary function

provided with precisely those subscripts which are required in

accordance with the table of difference presente.d above.

It will be seen from the same table that in order to determine

'yi it becomes necessary to take differences from different columns,

which, of course, is inconvenient. For this-r'ehson itA.i desirable
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to modify the system of writing the differences in such a manner as

to have in the same column differences with differezt subscripts,

na me I y

Table 6-b.

1-3 Ji J-2 3 i-

- - i-i
2 A2 4 i -21

A 34A 3 3 1

In such a procedure each column will contain those differences

which are necessary for the application of the new working formula

for numerical integration.

Rule for writing new differences. From the right-hand number

in a row there is subtracted the left-hand number in the same row,

but the result is written under the right-hand number.

Finally, from the last table of differences there follows the

most disagreeable charac.teristic feature of the numerical integration

of equations: in order to determine Ayi, it is necessary to know the

differences:

M, i-l A 2i-2' A 4i-3'

i.e., to have the following particular values of the function:

1i-l1 1-20 1i-3*

These will become known in the ccurse of the process; but at

the start of the integration cnly one particular value of this function,
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namely4 O, is Iknown from the originally stated equation for y'. ,

'In order to find"

/
/

it is necessary to employ special supplementary methods, of which

the most commonly used is the method cf successive approximations.

The essence of this method resides in the fact that, qt the start

-of the computations. there is adopted a gradual and itepwise advance,

each new approximation permitting one additional step, in which

those differences that have already appeared earlier are utilized.

There exist several variants of this method, one of which, the

most exact one, can be best studied by the aid of a concrete example.

Example 6. Solveby the method of numerical integration the

* "equation:

Y

. over the interval 0; 0,5, with-a step of h - 0.1, if y - 1 when

i x -O.

Solution. All the computations are presented in Table 7.

.'-.
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First Approximation

First Col111111

13) This is the leadinr- row and is filled first; in the given

case Y0 1.0000 from the conditions of the problem.

S 1) x 0 . 0 ifr.m the conditions of the problem.

2) -yo - -1.0000 in accordance with the thirteenth row.

3) y - -1; ii accrordance with the given equation for y',

we a'dd the numbers in the first and second rows abe-ve.

04!0 -0.1000; the number in the third row is multiplied'

0

by the step h - 0.1, since:

*o "hy6

* The fifth, sixth and seventh rows are not filled in for lack

* .of data. Then:

8) '0 - -0.1000; the number in the fourth row is repeated.

The ninth, tenth and eleventh rows are not filled in for lack

of data. Thereupon:

12) Ay 0 - -0.1000; in this case it is necessary to repeat

-the number in the eighth row.

Second Column (of the First Approximation)

13) Leading row; y, -.0.9000; we add (algebraically) the numbers

in the twelfth and thirteenth rows of the first column, since:

Y - YO + AYo;

1) x1 - 0.1; we add the step h.
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.2) -yl " -0.9000 in accor:dance with the thirteenth row.

3) y" -0.8000; in accQrdance with the given equation for y'

we add the numbers in the first and second rows of this column (above).

4) -0.0806-; the number in the third row is multiplied

by the step h - 0.1.

Thus a number appears in the fifth row; 0 200, for which

we subtract from the number (-0.0800) in the fourth row above the

number (-1.0000) at the left in the same row, omitting the zeros

at the left for greater convenience.

Wedge of First Approximation.

It consists merely of a single number.A4_l -and is surrounded by

a heavy line.. To obtain it, we postulate that

At- 1 "Ao = 200.

Second Approximation

First Column.

13) Leading row: to " 1; 1) x0 - 0.

The second and third rows are not filled, as this is no longer

necessary (cf. first column of first approximation). Then:

4) 10 M -0.1000, as in the same row of th* first approximation..

Omitting the fifth, sixth, and seventh rows, we write:

8)4 -0'M -0.1000; the number in the fourth row is repeated.

9) 1-A4- 100; .we take the difference A(_ from the wedge
2 -1. -1

of the first approximation.

The tenth and eleventh rows are not filled for lack of necessary

data.
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12) txy 0  -0.0900; we add the numbers in the eighth and. ninth

rows above.

The second column- of this approximation is formed in an
/

analogous ma,/ner, with the only difference that numbers appear

in the first and seccnd rows (cf. the number in the thirteenth row

of this column) and i.n the fifth row, for which we subtract from

the number (-0.0810) in thF fourth row the number (-0.1000) in the

same row, but on the lefti The number in the leading row is obtained

by adding the numbers in/the twelfth and thirteenth rows of the

preced-ng column.

The third column is distinguished from second in that a number
/

(-17) appears in the sixth row, for which we subtract from the number

173 in the fifth row the number 190 at the left, and anotber number

(-8) appears in the tenth row, for which the number in the sixth
5 10

row is multiplied by - -1.
12 24

Filling in the Wedge of the Second Approximation.

In the sixth line we repeat twice the fiumber (-18), noting that:

A 24 - A 2 2 4"A 2 1 -18.-2 -1 0

The number 208 in the fifth row of the first column of the second

approximation will appear in accordance with the definition of the

second differences:

from which: -
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_ = _ - ,2 =1 - (-18) 208.

ihird Approx ) m.tion.

In the first column, after the thirteenth and first rows are

filled, the places in the second, third, fifth, sixth, and seventh

rows are left blank. -Then:

8) The number in the fourth ro% is repeated.
1

9) -11- M 104; the number 208 in the wedge of the second
2 -

approximation is halved.

10) _ A2 -8; the number (-18) in the wedge of the second
12 -

10
approximation is multiplied by 

10

The eleventh row is omitted. Thereupon:

12) The numbers in the eighth, ninth, and tenth rows above are

added:

-0.1000 + 0.0104 - 0.0008 - -0.0904.

In the second column, after the thirteenth, first, second,

tbird, fourth and fifth rows are filled, the sixth and seventh rows

are omitted. Then:

8) The number in the fourth row is repeated.

9) . - 5; the number in the fifth row of this column2 0

is halved.

12)-2 -8; the number (-18) in the second column of the12 -2

10
prwcedimg wedge is ultiplied by 24'

The eleveatb row is likewise omAtted. thereupon:
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12) The nutnb rs in the eighth, ninth, and tenth rows above are

added.

In the third column, only the thirteenth, first, second, third,

fourth, fifth .nd sixth rows are filled. There ,ppears for the

first time a number in the seventh row:

-18- (-17) -- 1.

Filling in the Wedge of the Third Approximation.

We make:

A3b3 - -2 -A3 it- A 1

The number (-16) in the sixth row of the second column of the

wedge 'will appear from the definition of the third differences:

A24,_ I" 2  -A 34 - -17 -(-1) - -16.

In an analogous manner, the blanks in the rows of the first

column of the wedge will be filled as follows:

2 2 3
2 +_2 ' - 3,-2 - -16 - (-1) - -15;

2 2
A24-1 4 0 - A -1 190- (-16) - 206.

For convenience of computation, the numbers of this wedge are

transferred to their places In the columns of the subsequent normal

computations. The approximations are considered to be completed

because of the cioseness of the results of the third and second
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approximations, respietxvely.

Normal Computations.

First Column.

13) As before, y, " 1.0000; 2) x - 0.[0
The second and third rows need not be filled. Ihe .numbers in the

fifth, sixth, and seventh rows are already in place. Thereupon:

8) o W -0.1000; the number in the fourth row is repeated.

9) -164 - 103; the number 206 in the fifth row is halved.
2 -

10) 5&2 2 - -6; the number (-15) in the sixth row is
12 10

multiplied by 24

~3 0; the number (-I) in the seventh icw is

multiplied by

12) Ay 0 - -0.0903; the numbers in the eighth, ninth, tenth, and

eleventh rows are added.

The subsequent columns are filled in exactl, he same manner.

X Attention is once again directed to the crder of computation in

each column of normal computations.

a) First of all, the leading thirteenth row is filled by adding

the numbers in the twelfth and thirteenth rows of the preceding

column, because

AY, M Yi-I + Ay i - l ;

b) Thereupon, the spaces in each column are filled from top

to bottom without omissions.
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12) Use ol Ni .ricai Iti'tegP-ation ol the First-Order F qutio !

w__, Argu,,,,t v.

The method of numv-iCaintegration must be alpllied to the

solution of the foV 1o, ing equatilon:

di I 2v---- --- U(++ ,'
dv v2 2

vrP2

where:

In the physical law of powder burning the correlation between

and v is given by a table, whereas in the geometric law:

SI 60po ,22

k k.

Since it is also necessary as a rule to find the pressure curve,

it is preferable to make use of thv following equation:

TmV dv - Ps,di

whence

dl m v
dv s p
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where 
2

fF v2

p 
tm  - _ _ _

s +

It is not difficult to see that the auxiliary function t is

fouvd in the given case from the following relations:

v2

.1wn ___?_ 'Emh v(*Ia X.,. P ""P -' ,
tqp " -0 W- p " --

s p

As for the working formula of numerical integration, it has the usual

form:

15 2 3 3
Al +-12 1-2 +1-38

The purpose of the preliminary computations is to determine all the

constants:

1) ' 2) 22f; 3) v2  -2f
5S gs np Qa s

1 1

7) --

6) o 7) s

f 
1

F- + a-
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10 determine the step of integration h, the speed of the projectile-

vt. at the end of powder burning must be known, and then:

- VK

where n - the number of sections - is takcn in the range of 10-40,

depending upon .the density of loading (as this density increases,

the number n must also be increased).

While determining I and p, the same working form may be used

to find the time of motion of the projectile in accordance with the

following relation:

dv s pP

in the form of a definite integral.

Example 7. Determine the projectile velocity and gas pressure

curves for a 76 mm gun, given the following conditions: W0 - 1.654;

s - 0.4693; l - 18.44; q - 6.5; p0 M 30,000; f - 900,000; a - 1;

S - 1.6; 0 - 0.2; ' . 0.930; 1 - 1.05; g - 98.1, using strip powder

type SP (1 x 18 x 40 mm). It is assumed that the powdvr burns In

conformity with the physical law de.ived from the pressure-bomb test

presented in Table 5 (correlation between I and ').

To start with, we find:

log * - 0.2970; log . - T. 1709; log v2 - log - 8.0803;

' t  
-1 " 2.284; log 1a -1.8710; to - 0.038; log -L 6.2512.
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From the valut* 0 found we compute the value of t by Inverse

interpolation with the aid of the data in ]able 2 (cf. Example 2,

Subsection 7)

t- '.020556 sec

For this value of t0 we determine the initial Impulse 10 by

direct interpolation with the aid of lable 4 (cf. Example 1,

Subsection 6):

10 - 76 kg.sec.da
2

We find the velocity of the projectile at the end of burning

.of the powder, keeping in mind that I 823 (cf. Table 5):
K

v*( - o) 5040 dm.sec-1

Bt choosing a - 20 as the number of aectibns, we obtain the

step as being:

h - 252 da.sec "I

20

so that

lgt - 1 73 o h -10 6.5723.

On the basis of Table 5, we plot the ( 1t I) curve to the

following scale: for4, 1 mm - .001; for 1, 1 mm I kg.sec.dm"2 .

F-TS-732 7-RE 660

- -

!.. ., - , . j Im~k ..... . .



We read on it thte v:. lus of the ig;,s l:! low c, 'orrs'olodi ng to (,,u:A 1

i ntcrva I

823 - 76 - 37.35 kgsec-d - 2

fox the pressure impulse, or, wh:at is the saine thing, to ejual

intervals h - 252 dm.sec -1 for the velocity of the projectile.

These values of q%'are given subseq.uently in the working form

used for performing the computations (in the fifth row).
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• __ -.- Form for Com -utatiolls with iA

v 0 252 0 252 -

2 2 log v 4. 8028 5.41 -,log v "
3 9.OK~ __ _ _ _ to 147 __ _.)__

t

4 724.7225 3.3
4 V 2

0.038 0.092 0.1
I F -0.001 - -0.0

vLp -1~ 2
* .. V... 0.091 0.1

8 log t o  1.8710 1.8710 1.8

" <i 9 log - 2.5793 2.9638 __1.2

;7 10 log1(,.+aq 2.4503 2.8348 1.0

"11 [b2.284 2.284 2.2

12 -IQ ,  -0.028 -0.068 -0.1

13 2.256 2.216 2.216 2.1

14 | 0.000. 0.000 0.064 0.2

15 4,+ I 2.256 2.216 2.280 2.4

16 log L 6.2512 6.2512 6.2512 6.2
Is

17 lo - v22.5793 2.9590 2.9590 1.2

l!2 up
18 - log (,+ |) 1.6466 1.6544 1.6421 1.6

19 log p 4.4771 4.8646 4.8523 5.G

20 p 300 732 711

21 log(y h) 1.5723 1.5723

1 2 log v 2.4014 2.401,1 2.7

233 -10 P 5___.177 6.9

"4 log --- _ _ 1.1091 1.121 1.1

250 0.129 0.000 0.132 0.1

26 A4 [(129),o 129o132

' -- 27 -24+-1

&-@be A 3 &.-
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o .... .. r C.. .; ... t - A i t h Arg u.,it v.

'2( '25 504 756 1008 1260

4. 8028 5.4048 5.7570 6.0068 6.2008

ij , : 1, 7 4-.9h,7 9,. 9,1 7 9.9197 -9.9197

.72?5 3.3245 3.6767 3..,265 2.1205

0.092 0.166 0.227 0.284 0.339

-0.001 -0.002 -0.005 -0.009 -0.013

0.091 0.164 0.222 0.275 0.326

1.8710 1.8710 1.8710 1.8710 1.8710

2.9638 _ 1.2201 1.3560 1.4533 1.5302

2.8348 1.0911 1.2270 1.3243 1.4012

2.284 2.284 2.284 2.284 2.284

-0.068 -0.123 -0.169 0.211 0.252

.2.216 2.216 2.161 2.115 2.0073 2.032

0.000 0.064 0.262 0.385 0.573 0.789

2.216 2.280 2.423 2.500 2.646 2.821

6.2512 6.2512 6.2512 6.2512 6.2512 6.2512

2.9590 2.9590 1.2148 1.3464 1.4393 1.5132

1.6544 1.6421 1.6257 1.6021 1.5774 1.5496

'4.8646 4.8523 5.0817 5.1997 5.2679 5.31 0

732 711 1207 1586 1853 2065

1.5723 1.5723 1.5723 1.5723 . 1.5723 1.5724

2.4014 2.401-. 2.7024 2.8785 -J.0034 3.1004,

.1354 5.1477 6.9183 6.8003 6.7321 6.6350

1.1091 1.1214 1.1930 1.2511 1.3078 1.3577

0.129 0.000 0.132 0.156 0.178 0.203 0.228

129 132 24 22 25 25

L "



Is - log (, + 1) 1.6466 1.6544 1.61"'1 1 657

19 log p 4.4771 4,8" -f; . 5:; 5.0s17

20 p 300 732 711 1 07

21 .l og h) 1.5723 1.5723 1.5723

2 log v 2.4014 2.401. 2.7024

23 - _p 5.1354 5.1477 6.9183

4 log p 1.1091 1.121. 1.1930

25, 4 0 0.129 0.000 0.132 0.156

26 129 132 24
1(129)j

27 A2 + -108

28 -A3 4. .

29 0 0.000 0.132 0.156

30 64 66 12
2

3i A -45
12

j33MA. . 0 0.064 0.198 0.123

04 0 0.000 0.064 0.262

j35 1 og- h-10 5  6.5723 6,5723 6.5723

|S

36log p __.t __ _ __. ...... 5.5229 5.1477 6.9183

37 logF . - - 2.0952 1.7200 1.4906

S38 F 124 52 31

139 AF -72 -21 -7

40 A 2 F 51 14 "3

4 1 " A 3 F ... . ....... ,, -3 7

42 F 124 52 31

S43 -- AF -36 -10 -4
2

144 - IA 2F -4 -1

4 5 -A3F -2
24 105_-_ 82 41_27

4 t1 82 4127

47t-10 5  
_ _2 12 j -

At.105
-~. -



1.654451 1 f,".57 1.5774 1.51-96

4. ,, 5.85*7 ) 5.1. :7 5.2679 5.3150

732 _711 1,17 1586 1853 2065

1.5723 1.5723 1.5723 1.5723 1. 5723 1.5723

2.4014 2. 4 01.J 2.7L7'4 2.8785 0,.0034 3.1004

5.1477 6.9183 6.8003 6.7321 6.6850

1. 1091 -1. 121-4 1.193,o 1. 2511 1.3078 1.3577

0.129 0.000 0.132 0.156 i.178 0.203 0.228

129 132 24 22 25 25

-10 -2 3 0

0.000 0.132 0.156 0.178 0.203 0.228

64 66 12 11 12 12

-45 -1 1 0

0.064 0.198 0.123 0.188 0.216 0.240

0 0.000 0.064 0.262 0.385 0.573 -0.789

6.5723 6.5723 6.5723 6.5723 6.5723 .6.5723

5.5229 5.1477 6.9183 6.8003 6.7321 6.6850

__ ._2.0952 1.7200 1.4906 1.3726 1.3044 1.2573

124 52 31 24 20 18

-72 -21 -7 -4 -2 -1

51 14 3

-37

124 52 31 24 20 18

-36 -10 -4 -2 -1 0

-4 -1

-2

82 41 27 22 19 1-

0 a? 123 150 172 191
- --.--- - - - -



-, . I.--: - . I 7"-- T t! 0

-. . I 1. 757"3 1.57"

- ,a • Q 5. JS~l5. 14 77 G.!o( . lug I'_ .. . . - _ _, . . .

4 log -1. A091 1-.

25 1 0 0.129 G. 000 0.132 0.156

-132 , 2,

27 A24 -108

28 3 _ _

29 , 0 0.000 0.132 0.156

30 -. 4, 64 66 12
2

31 &2 -45
12

323.

33 4t~0 0.064 0.198 0. 123
34 0 o 0.000 0.064 0.262

35 log'm! h. 105  6.5723 6.5723 6.5723
s

36 -log p__ 5.5229 5.1477 6.9183

37 log F 2.0952 1.7200 1.4906

38 F 124 52 31

39 AF -72 -21 -7

40 &2 F 51 14 3

41 a 3 F -37

42 F 124 52 31

43 -AF -36 -10 -4

44 - 1 4 2 F -4 -1
45 !.63 -2

*24

S46 t.105 . 82 41 27

47 t-105 0 82 123
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-132---. A3. |L 1?'07 I __ 15t - -t% [

1 . 57:?3 1 ., :1: 1 .. 5723 1 . 57"23 1 I. 57",3 . 5723 1 r
2.4014 2.40i 2.701"4 2.8745 1.1034 3.1004

5.1354 5.1477 6. .3:o 7:21 .;.eur. /

1..1091 L.21 1 1.1930 1.2511 1.3078 1.3577

0.129 7.000 0.132 0.156 0.178 '0.203 0.228

129 132 24 22 25 25

-108 -2 3 0

0.000 0.132 0.156 0.178 0.203 0.228

64 66 12 11 12 12

-45 -1 1 0

0.064 0.198 0.123 0.188 0.216 0.240

0 0.000 0.064 0.262 0.385 0.573 0.789

6.5723 6.5723 6.5723 6.5723 6.5723 6.5723

_ 5.5229 5.1477 6.9183 * 6.8003 6.7321 6.6850

2.0952 1.7200 1.4906 1.3726 1.3044 1.2573

124 52 31 24 20 18

-72 -21 -7 -4 -2 -1

51 14 3

______ -37 _ _ _

.124 52 31 24 20 18

-36 -10 -4 -2 -1 0

-4 -1

_-2

82 41 27 22 19 1

0 82 123 150 172 191
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The working form can be broken down into three main sections.

The upper section contains lines 1-24 and is reserved for computatioiis

necessary for determiring the logarithm oi the auxiliary function

in accordance with the relations (*). Conse4uently, the pressure

of the powder gases is also found at the same time. 1he values for

the gas inflow in line 5 are first read from the (LI) curve in

the case of the physical law of burning of.the powder or computed

in accordance with the corresponding formula in the case of the

geometric law of burning.

The upper section is the most involved part of the work and

makes the use of four-place logarithms obligatory.

in the middle section, which consists of lines 25-34, are

performed computations necessary for the use of the working formula

for the numerical integration of a first-order equation:

• ~ ~~ 2i + 3i+ -4- 12-

and for finding the path of the projectile: - +M i-.

Finally, the lower section, consisting of lines 35-47, is reserved

for finding the time of notion of the projectile in the bore in the

form of a definite integral, using the following .working formula:

1 12 1_AtimFi + 2AY -- A I+R&F212

This section Is best filled after completion of the numerical

integration of the equation for the path of the projectile:
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di

I.e., after tLe two sections above it are filled.

It is useful to point out some of the characteristic features

of the computations.

a) 1he path of the projectile Is determined with an accuracy

of O.Ol di; the time t, within 0.00001 seconds.

b) To facilitate computations, only one approximation is

made, and only one wedge is filled out (cf. line 26, first column

of the working form).

c) At first, the differences of the auxiliary function up to

and Including the second order are introduced.

d) The third differences of this function are utilized only

after p is passed.

e) The second difference of the function appears only in

the second column of the normal computations.

f) The rows which are not filled are: lines 2, 3, 4p 6, 7, 21,

22, 23, 24, 27, 28, 30, 31, 32, and 35-47 in the first column, lines

27-33 and 35-47 in the second column of the approximation, lines 2-24,

26, 27, 28, 31, and 32 of the first column of normal computations,

and, finally, lines 2-12, 27, 28, 31, and 32 of the second column of

normal computations.

g) Line 34 is the leading row and is filled first in each column.

For a more definite conception of the character of the work Involved,

when filling in the two upper sections of the working form it would

be desirable to describe in detail the computations performed for
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one of tue columw%, for example, for the columr, of n.rmal cumj)utations

34) Thib ,;.."bcr.i n in'. s :$3 and 34 of the t-recedifig column are

added:

1 - 0.198 + 0.064 - 0.269.

since:

1- *t_ .+litl;

1) We add the integration step h:

v - 252 + h - 252 + 252 - 504;

2) Tbe number In the preceding row, v - 504, gives:

2 log v - 5.4048;

3) The complement of the logarithm of vp Is taken:np

-log v np 9.9197;

4) The logarithms in lines 2 and 3 are added:

g - 5.4048 +7.9197 --S.3245;SV2p

5) The value of is taken from the (*, I ) curve &

- 0.166;
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6) The logarithm in line 4 Is used to find the numbtr within

0.001:

2
- 0.002 ;

V2flp

7) The number In line 6 is subtracted from the number in line

5:

V2 0.166 - 0.002 - 0.164;
v2np

8) The logarithm of 1a has been found by preliminary computations:

log LC" 1.8710;

9) The number in line 5 gives the logarithm:

log - 1.2201;

10) 1he logarithms in lines 8 and 9 above are added:

log La 4-1.8710 + 1.2201 - 1.0911;

11) The reduced length IA has been found by preliminary computatiois:

I - 2.284;

12) The logarithm in line 10 is used to find the number within

0.001:
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x :" " -- |a "0. 123;

13) The number in line 12 is subtra'cted from the number in

line 11:

1.p-l A  - -a 2.284 - 0.123 - 2.161;

141 The number In the leading row, line 34, is taken:

/ t" 0.2629

15) The numbers In lines 13 and 14 are added:

/ + I - 2.161 + 0.262 - 2.423;

/

16) This logarithm has been obtained by preliminary computations:

(.

log - 6.2512;S

17) The logarithm of the number in line 7 is found:

V2

16g 2 1 5.2148;

18) The complement of the logarithm of the number In line 15

Is taken:

-log(Z.+ |1 - -log 2.423 - 1.6257;
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19) The'logarithms in lines 16, 17, ind 18 are added:

log p - 6.2512 + 1.214h + 1.6257 - 5.0817;

20) The logarithm in line 19 is used to find the pressure%

at.v - 504:

p - 1207 kg.cm
- 2

21) This logarithm has been obtained by preliminary computations:

lo(M h) 1.5723;

22) From the number in line 1 we have:

log v - 2.7024

23) The complement of the logarithm in line 19 Is taken:

-log p - -5.0817 - 6.9183

24) The logarithms in lines 21, 22, and 23 are added:

log * - 1.5723 + 2.7024 + 6.9183 - 1.1930.

We now proceed to the next, middle, section.

25) The logarithm in line 24 is used to obtain the umber with

an accuracy of 0.001:

2 0.156;

F-TS-7327-RE 668

I t1 in



THIS

PAGE

IS

MISSING

IN

ORIGINAL
DOC i



2 2 1 1 2

It is now possible to take the isext ste|p, i.e., proceed to

the next column with v - 756, starting the computaitions therein,

as always, from the leading row, line 34.

( At the muzzle,/we have: - 583p 625 kg'cm 2.

13) Numerical Integration of the Second-Order Differential

Equation.

In the general case, a differential equation of the second

order contains the following components: the independent variable x,

the function y Itself, the first derivative y' of the function y

with respect to x, and the secopd (erivative y" of the same function

with respect to x. Consequently, this equation can be represented

in the following form:

F(x, y, y', y")" 0;

where the symbol F represents an elementary function or a combination

of such elementary functions.

Numerical integration makes it possible to solve this equation

in any form, provided only that the given equation permits the

determination of the second derivative as an explicit function of

all the remaining variable quantities:

y- f(x, y, y').

In this numerical Integration the Increment of the derivative

£y7 is determined by the aid of the following formula:
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5,  ) 2y; 3 3 t

or

A'Y2 12 1-Ai-I 1 Aa i 2  8 i-3'

where use is made of the following new auxiliary function:

41- by",

expressed in terms of the second derivative of the desired function.

It is not necessary Lo derive the fundamental formula for Ay; by

means of y" and differences of this second derivative, inasmuch

as this formula is already obtained from the previously derived

relation

Ayi W h y; +1,&y 3 .3Y)
2+

by simply replacing Yi by y and yj by y''.

On the other hand it is necessary to derive a working formula

for the increment Ay of the function itself in terms of differences

of the second derivative rather than of the first. Such a formula

should simplify the work, because in compliting Ay it will be possible

to make use of the already available differences of the auxiliary.

function *, and it will not be necessary to find the differences

of still another auxiliary function:

F- hy'
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For this purpose, we shall utilize the equality
x i+l

* AYi y'dx.

But in all cases

xt

Xi/
Let us replace here the derivative y" by the following inter-

polation function:

3 2y"- Ao(x - x ) + A -(x -xt) + A2(x x. + A3W.

and then

x

Y y + J -A(x - xi)3 + AI(x - x )2 + A2 (x- x ) + A3_7 dx-

xi

1 1 2" I TAo(Xxi)4+"A(X-x3 3+l 2 A2 ix )  3x _xi,'

so that, consequently
pxayi "• y! +  AO XoI) + I(x x

. -.• X .v+.+Axx 4 1 xx)
x
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ri

1 5
4 A(x 2 3(X - dx y(x - xI ) + AoX - x. +

X i+l

+ I_ A (X - X )4 + 1L A X X)3+IA( 2 I
II

xi

whence

h 3 1] A200 IAh Ah2+

1Y 2 20I1

because

x i+I - xi - h.

We shall substitute into the last expression the following values

for the coefficients:
2 1Y + &3y

At) mA3Y 3 A 1*62 2;
A 0 1 - = - L A, 4  A I

6h 3  2h 2

6AYr-I +'. - +3
6,&f~l+ Uy" + 2A yj'

A 2 - 6 h ; A 3 -y,
26h 3\

because the part of the function is here played by the derivxtive

y", which has been replaced by the interpolation function.

After obvious transforipations this substitution gives:
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AY h +j h (4 YI + .-. Ay'.. 1 8 2 18 3i. 3 j

or

yiinh [i h + yI+ A Y'_ + 1L A&3Yit..3 )

190

approching it number:

18 ..- 1
180 10

It remains necessary to make use once again of the auxiliary

function:

and then, finally, in the numerical integration of the second-

order differential equation, we shall have to deal with working

formulas of the following type:

hy +~ TAil
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to do without third differences.

At the start of the numerical integration, as before, most

frequent use is inade of the method of successive approximations.

The zu:.bvr of rows in the lower part of the form will increase

(in comparison with the number of rows ip the lower part of the form

tor the integration of the/first-order equathii) by at least seven

rows, because in addition to the ten rows:

2 3 1 - 5 2 3 3 " hr

12' 8y h,

corresponding to the lower part of the form for the numerical

integration of the first-order equation, there will also appear

the following additional rows:

1 1 12'13

2 6 8 10

In the method under consideration, the computations themselves

are in no way different from similar computations for the solution

of the first-order equation, so that the need for citing a special

example is obviated.

14) Use of Numerical Integration of Second-Order

Equations with Argument t.

In this process the leading part is played by the equation for

the forward motion of the projectile:

cp dv

from which it follows that
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Pt Cf M(107)

because

dv - '

dt dt I t't

If the phenomenon of recoil is not considered in the explicit form.

Equation (107) Is subject to numerical integration by means

of the tollowiig relations:
2

2
p f.. Vnp -n

( which have already beenea ployed earlier. The auxiliary function 4

Is equal in this case to:

4- hi" P9st

*where the step h is already a certain time interval of the motion

of the projectile in the bore. This step is chosen in advance.

The working formulas for the numerical integration will be:
1 82 33

AVi In 4  + -2 il+ -A *1 2 + *13 ;

Am +14 + .1& "1 1 2-2 +1 3t1-
8 i2-2 810

because the function y to be determined represeuts in this case the

relative path I of the projectile ai the bore, and its derivative y'

Is the velocity of the projectile v,..'
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The prelimina'ry conlh;uLatiOfls :,re reduced to the determination

of constants:

1) log .; 2) log -, 3) logyv ; 4)1 ; 5) log 1 ; )

fW

7) log -,

as in the case of numerical integration of a first-order equation.

1he values of 0, I and v g are found in an analogous manner.

The gas inflow %V is read off the (I, %P) curve, but, in contrast

with the preceding case, it is necessary here to find for each point,

during the process of integration itself:

I- I +mv0 s

because the integration gives values of the velocity v'which are

separated from'one another by unequal intervals. Ozice the value of

the pressure impulse is had, we can obtain the required value of

from the I, 4 curve. Consequently, this curve cannot be utilized

in advance, but it must be available in the course of the entire work

of numerical integ'ration.

In the case of the geometric lw of burning, the I, O curve is

replaced by the following relation:

0 It + - v + v 2 .

K K

/
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Fig. 153- Velocity, Path, and Pressure Curves.

1) Time; 2) pressure curve; 3) velocity curve;
4) path curve.

Figure 153 contains curves for p, v, and t as functions of time

t, 'obtained by numerical Integration with respect to the argument t.
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_______________..... . . ' . . ' 1~ i

Computa.on Form with Ar:m.

- "- I ,t.los 0 __ __ _ o_ _ ___ ______o_

.100 25 50 0 f

2 log 1.1709 1. 1701 1. 170f

. 3 log v __ 1.7076 1.74114 2.0755

.4 log v 0.8785 0.'9113 1.2464

'v , 8 8 18

6 1 0  76 76 76

S I 76 84 84 94

8 2 log v- 3.4152 3.4808 4.1510

2_ low 9.9197 9.9197 9.9197

10 log Z 5.3349 5.4005 4.0707

It 0.045 0.045 0.057
2

A 2 -.- 0.000 0.000 0.000

2

13 *- 0.038 0.045 0.045. 0.05714 VIp 
_..... .

14 log ta 1.8710 1.8710 1.8710 1.8710

15 log " - 2.5793 2.6532 _2.6532 2.7559

16 log It % 2.4503 2.5242 2.5242 2.6269

17 2.284 2.284 2.284 2.284

I 1, -.y -u.028 -t .033 -v.033 -u.,042

19- -- "-2.256 2.251 - -2.251 2.242

0 1 0 0.006 0.007 0.029 1-

21 + 2.256 2.257 2.258 2.271

22 log 6.2512 6.251 .25]2 6.2512

23 log - 2.5793 2.6532 2.6532 2.7559

24 - log + I ) 1.6466 1.646. 1.6463 1.6438

log-. t 4.4771 4.5508 4.5509 4.6509

v r 3.2270 3.2270 '3.2370 3.2270

- Mm0mam m e m u m • n m m



I.

p Form wit -Argu:,- t t.

20-5 50 02o 25 50 75 100 125-

S1. 709 1. 170! 1. i7., 1. 1709 1.1709 1.1709

)76 1.7404 2. 0755 . 2.3160 2. 5211 2.7152

785 1.2464 1.25751 1.4869 1.69/6 1.8861

8 18 18 31 49 77

76 76 76 76 76

84 94 107 125 153

52 3.4808 4.1510 4.6320 5.0422 5.4304

97 9.9197 9.9197 9.9197 9.9197 9.9197

49 5.4005 4.0707 4.5517 4.9619 3.3501

15 0.045 0.057 0.079 0.119 0,172

0 0.000 O.OO 0.o00 -0.001 -0.002

5 0.045 0. 057 0.079 O.1.18 0.170

1.0 1.871G 1.87i0 1.8710 1.8710 1.8710

132 2.6532 2,7559 2.8976 1.0755 1.2355

2 __ _ I _ 2.5242 .2.6269 2.7686 2.9465 1.1065

i 2.284 2.284 2.284 2.284 2.284

-. U33 -. u42 -.. 12t

2.251 242 . 2.225 2.195 2.156

0.007 0.029 0.069 0.135 0.239

2.258 2.271 2.294 2.330 2.395

6.2512 6.2512 6.2512 6. V,512 6.2512

2.6532 2.7559 2.8976 1.0719 1.2304

1 1.6463 1.6438 -1.63
9 4  1.V26 1.62094.5509 4.6509 

4.7882 4.9557 5.1025

3.237.. S. t?7 " 3.2270 3.2270. 3.2270

_ iW __.. . ._ _ ...



11 0.045 0.045 0.057
2

12 - 0.000 0.000 U.UOf,V2p

13 _i: 0.038 0.045 0.045 0.t57

14 log 1.8710 1.8710 1.871G 1.87s0

15 log , 2.5793 2.6532 2.0532 2.7559

16 log ct w 2.4503 2.5242 2.5242 2.6269

17 'A 2.284 2.284 2.284 2.284

.18 -0.028 -,033 033 uo-42

19 2256 2.251 .. 251 2.242

20 1 0 0.006 0.007 0.029

21 + 1 2.256 2.257 2.258 2.271

22 log ! U 6.2512 6.251".' 6.2512 6.2512

23 - 2.5793 2.6532 2.6532 2.7559
-- tV2 p

24 -. log , + t 1.6466 1.646. T 1.6463 1.6438

25 log p 4.4771 4.5508 4.5509 4.6509

26 log sh 3.2270 3.2270 3.2370 3.2270

27 log ,, 1.7041 1.7778 1.7779 1.8779

28 p kg.cm-2  300 355 300 355 448 300

29 51 - 60 51 60 76 51
'30 9 P29 161 (2)

31 A2 (7) .(7) 7 (7)
32

33 4 51 51 60 51

34 .. ,4 4

35 1 _!,A2
12 2

36 - 3

. .. . . . .......



7 ... .

4..! . 4 G.. 6 .

2 (, ,,t -1.2 S 2, f, 4 2• A

0 I

, .. 1 ' I * .') a-'.,, ! 1, _ .. - I . I

2.25, .2 7, .221 2. i5 2

; " "4! " 4

I I

7. 2247, .17 .

I I

, _. ___ " .c;, ' .4 w • .g1J . . ;':i.7:.. .

1 1S7, 7" 82 2 r,

4I S 44 t

j I I

1 60 7.51 60 7 6 1H' C.At 52 214

(2-1 (2) 9 ; 2 8 4

-7 - 7! (7) (7) 7 2 2,) 4

1 ... . . . .2.1

2, .,2

J2



21 1+ 222.2567 2.258 2.271

22 log 6.2512 6.251', 6.2512 6.2512

23 lg- V2 2.5793 2.65:12 2.G 532 2.7559

24 - log , ,.+ I) 1.6466 1.646. 1.6463 1.6438

* 25 log p 4.4771 4.5508 4.5509 4. 6509
sh
2 l3.2270 3.22 3.2370 3. 22 7 u\T m ... ..

28 _ ___ , _ _ F .

27 log , 1.7041 1.7778 1.7779 1.8779

28 P kg.cm 2  300 355 300 355 448 300

29 4 51 51 60 76 51

* 30 A9 (2) 9 16 i (2)

34 4. 4 12

2 22

12
S36 aA 34h

37 Av- 51 55 64 54

38 v 0 51 0 55 119 0

39 1- 26 26 30 26
2
140 -ft 2 2 0

8

42 26 28 87 27

43 hr 1 0.006 0.007 0.0022 0.007

44 0.000 0.'%06 0.000 0.007 0.029 0._000

K -- F-IS -7327-RE



.. . .. .. - ...... -' .. I .1.. . * 1A

2.58 2.71 .2 2). .2 ~ 3 30 2.395

6.2512 6.2512 6.2512 6.-.)12  6.2512

2.6532 2.7559 2.89'76 1.0719 1.2304

1.6463 1.6438 1 .63 9 4  1. t,,26 1.6209

.- 
_ _ _ _ _

4. 5509 4.6509 4. 7882 4. 9557 5. 1025

3.2370 3,2270 3.2270 31.2270 3.2270

1. 7779 1.8779 2.0150

355 448 300 355 448 614 902 1266

5160 76 51 60 76 'A04 152 214

()L 9 16t (2) 9 16 28 48 62

(7) 7. (7) (7) 7 12 20 14

5 8 -6
51 60 51 60 76 104 152 214

4 4. 1 4 14 24 31

2 2 3 5 8 6

2 3 -2

55 64 54 66 87 125 187 249

0 55 119 0 54 120 207 332 519

26 30 26 30 38 52 76 107

* 2 2 0 O, 2 3 5 8 10

1 2 2 2

28 87 27 87 162 266 418 638

0.007 0.0022 0.007 0.022 0.040 0.066 -0.104 0.159

0.000 0.007 0.029 0.000 0.007 0.029 0.069 0.135 0.239

6796(L



CHAPTER 2. SOLUI1IO% BY EXPANSION IN TAYLOR'S SERIES

Integration of equations of internal ballfstics describing the

relations existing between/the fundamental elements of a shot leads

to rather complex integrals, which can be solved only by means of J/

qUadratures with any desired degree of accuracy (Professor Drozdov's.

solution). In this connection, in order to make integration possible,

some of the variable parameters in the fundamental equations (0, u 1

p , etc.) are usually assumed to be constant.

The method of numerical integration makes it possible to solve

a system of differential equations not only without simplifying the

functions entering same, but even by assigning variable values to

those quantities which are usually assumed to be constant. This

makes it possible to solve the problem on the basis of any desired

hypotheses concerning the chiracter of burning of the powder, the

" law of resistance to motion, the design of the bore, etc.

In solving the problem by the method of numerical integration,

it is necessary to proceed successively from one value of the

argument to another by the addition of its fitiite differences, starting

at the very beginning. For this reason, for example, it is not

possible to determine in advance the values of pm or the values of

the variables v, I and'p corresponding to the end of burning of the

powder, it being nec', ry, instead, to compute successively, point

by point, the elements of the curves of pressure p, the path of the

projectile 1, its velocity v, etc. This constitutes the disadvantage

of this method. Moreover, the method of numerical integration gives

the relation between the individual variables only in the form of

numerical tables, ratter than in the form of analytical formulas.

F-TS-7327-RE .680

IC- *-| i--- ~~~prre

: ... . ... . .... . .. . . .. . . ;i
.

-_ ' - -"" . .". T "'- i - :' .. _=_ '



In spite of these disadvantages., the method of numerical

wP

integ~ration maqy servc ts a m,.ajis for infire't, verific:,tlon of tile

degree of accuracy obtaijivd by the a id of the variovs approximaate

analytical methods available.

In this colnnection, whten develop~ing new theoreticiAl pioblems,

numerical integration may be utilized for determining the errors .

involved in the transition from exact equations and relations to

oth~ers that are less exact but more convenient from the analytical

point of view. Numerical integration may be employed with equal

success both in the case of the geometric law of burning and in

the case of the more complex physical law of burnitig; it may also

be applied to barrels having a bore of variable cross section.

applied to the solution of ballistic problems by Y.M. Trofimov in

1918. This method has been developed in great detail by G.V.

i

Okpokov, who employed the method of finite differences (1931-1938)

discussed above.

In 1932 P.V. elentyev proposed to apply the method of expansion

in laylor's series fo r the numerical solution of equations in

ballistics* and this method, after being subjected to certain

modifications has been found to be sufficiently convenient.

Investigation of the fundamental relations expressing the

conditions accompanying a shot shows that all the principal elements

invov, e, and p) can be expressed in one form or another as functions

of the path I and of its derivatives with respect to time up to the

third order inclusive.
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, -,,.,, ,', I.,

.ple ote ouino.blitcpobesb ... rfmvi



. . . . . .
•

As a matter of fact, taking the funamental syst.m of equations

expressing the relationship between the elements of a shot, e obtain

the following.

1) The fundamental e.quation of pyrodynamics or the equation

of transformation of energy:

ps(l + 1 - fW+- -9 2

2) The equations expressing the law of burning of the powder:

*-Kz(l +)z);

--- U - ulp;
dt

dt AlI el 1

3) Ihe equation of motion:

ps - fm --v -M L - ml t ,
d 42

where

dl

dt t
t

v being related to z by the follow ng equation:

v I (z-z
CIS 0
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whence

V z I' - V.

K

All the variables entering into the fundamental system of equations

can be expressed in terms of the path I and of its derivatives, since

v 0,, z - t+ t' '- being a function of z - will also be
sK

expressed as a function of ' the pressure is proportional to 11",t t
and the derivative dp is proportional to 1"'. Consequently, if the

dt t
time t of travel of the projectile through the bore is taken as the

independent variable, and the path of the projectile I is taken as

the function to be expanded in a series, it becomes possible to

employ Taylor's series for finding the value of the path In.+ and

of its derivatives for the neighboring segment corresponding to the

time tn+1 - t+ t - t n + h, provided that the values of the path

n and of its derivatives for the preceding instant tn are known.

It is thus possible to find all the elements of burning of the powder

and of the motion of the projectile during a shotj, i.e., z, +, v, p,

1, and t.

Let it be assumed that for a certain instant of time tn the path

I n and its derivatives with respect to time ' ", are known;n'n n ••• rekon

if a sufficiently small increment of time At - h is assumed and

consideration is limited to derivatives up to and including the 'third

order, then, in accordance with Taylor's formula, we shall have for

tn+- tn + h:
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1 - 1 + hi' + t " + '(3/O) :
n+1 n n 2 n 2.3 n

Differentiating with respect to t and rejecting the terms

containing ,i.e., considering that I"' is constant over the

given intrval At and equals its ean valuep we obtain:

+ hi" + "'

n 2 n

It +1910
i+ + hi"' + "+ h 'n1 n na. n 2

too + -

where n 2 iis the mean value of the third derivative in the interval2

under consideration (Fig. 154). From the last equation we obtain the

following value for I',' : n+1 . n+l -

Fig. 154 - Diagram for j" andt t
As has bben shown by P.V. Melentyev, it is more convenient to

compute .not the derivatives themselves, but, rather, the quantities

proportional to them, namely: ht '. h2t" and Therefore, by
3  2

multiplying ' by h and "i by L, we will obtain the following

equ&tions:
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hi" - hl'.+ h2 1" -. 3 ' (109) r
J1n

h3 t"3

h l 3. h 2 n l V, h2 " -1 of "1 o (110)

it will be seen that I enters eve rywhecre without a coeff/cient, [

enters with the coefficient h, I's enters with the coffc ient h2 ,

h3 -

and "' enters with the coefficient -2-. This considerably accelerates

the subsequent computations.

The expression for the second derivative I" will be:

It -p

or, multiplying by h2

h2 t" h 2 sp. (111)
t o

i: combining the resultinig values for the path 1 and its

derivatives with the equations of the fundam.ental system, we obtain

the totality of formulas necessary for the solution in the following

form and sequence, which corresponds to the order of their application,

the constants encountered being designated below as follows:

SLk1  , = k 2 s 21 mL k - " - . .
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h hII - his h2 t L t'(
n+l n n 2 n'

Vh (II)

n+l h _.

In+ g n+ 1W + k1v11+l; (III)
K

n+l " Z + +(IV)

In " I i + i + L h + h gt ()
n+l nk f 2 nn

v2n+l

"'n+l V2 k V2

System I p 1  k {2VI)
0+1 2, + 3 n1(I

y uI+l +1 A" a4n+l + [.n+l

* h2 1. - h2 s -h2k

n+1 (ffm Pn+1 " ; (VII)

h"2,, h2 1,
, I+1 hn~ l n - 2"E ' (VIII)

The subscript (n+l) designates those values of the derivatives

at the end of the given interval of time whichp in the process of

computation, are transferred from the column being computed into theI , corresponding rows of the right-hand neighboring column; howeveri,

the transferred values now bear the index n because they characterize

the initial value of the given quantity in the next column.
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In order to perform ht, computation by means of this tota li ty

of Io'r,.ulas, th- values of I and of its derivat ives at the st'trt

of the projectile's Potion, i.e., at the instaint t - 0, must be

known. Siace at the Start of motion the path I and the speed v

are equal to 7ero, we obt;,in:

(I)0 0, M (v) 0 - 0, (")0 M k4P0, h
2 (l") ,

where p0 is the forcing pressure usually specified beforehand. As

regards the third derivative (I"')0) we shall first find an expression

for it at the present instant in the form of 1"'.

To determine 1"', we differentiate the equation " p with

respect to t:

1., . k P.
t 4t

But the quantity p' has already been derived:
t

i f 4 p -o (1 0 ),

+ K

.I,

for the start of motion when, - 0, v - 0, p d w
PO f W 4s0 0) 'O(

will therefore obtrain: (p 1 01 +1 k2 - +

Po Po /

+ PO l

The quantity + - -, and this expression is therefore
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sometimes given in the following form:

XE0 16
(pt) - k2  -W'i0

IK 0

Consequently, the value of the third derivative for the initial

instant is likewise known:

3 3 3 eh " Lkh(P) k k o020 24 tO 2 42 12  p

and It is possible to begin the successive solution of System (1)

first for the first column corresponding to the interval of time

At - h, then for the second column, etc., thus obtaining a successive

series of values for 1, v, z, % and p as functions of t.

. The quantity h - At must be so chosen as to obtain 10-15 columns

for the period of burning of the powder, which will give A

corresponding number of points for each of the quantities p, v, l,

and '.

Since the time of burning is fundamentally determined by the

thickness of the powder, the interval of time h -At may be taken

approximately according to the formula:

h =;;0.001 el,

where el - the thickness of the powder in millimeters, h being
2

rounded off to one or two significant figures (to 5 in the second

significant figure). For example, if 2e - 1.28 mam:1
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4 h - 0.0u (.4) - .u6.- 0.0006 or t.(0'i65

Si Ict v ' ir, kr i at ve.t Aa |,rox imif)y i' AdV,1 .

it iS }( i.blt', a :ftcr co iutiiig the ;,veraip- timo, of n ,t iol of the
2 'A

pro~t ctake t 1A vjlue o
r, .jctilto .k( for th, of the tiMLe step (incrtceitn)

At- h IV roundo.-d off to two significant figures.

Sequence of Computation. All tie constants are coml'uted first:

x,,x, A, 0'0 " - 0 -V/I + 4 _X

00

Po F O + 81

z0 24, (0 1 /)

Sa .... ;, - m m h- b 0. 0 1 el
Ss a s 1  90.

*k _pm k -- ; k. (sm.il uaftiy)k
* 1 1 K 2 S 3 f (ml qunit) k4

K np

h2l 2 kp h3  to h3  A0' r h t
0 40 2 0 2 k 4 k2 -j 2 * 0  2 - 4  IK(

p p2

f9)*0
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1he sequelnev of comiutatioi, is not atf,,ct ed regardle,.s ot O bether

the complttat lol is ,performed for a de-gressiy e or a |rogr,-ivt"

powder.

In computitig the segment after the/hAecomlosition of the

progressive p{)der,lt is necessary to substitute for the usal

formula the following previously derived formula:

%V" s + } (z - I)_l + X - _ 1)- V + A - 1) + 0 2 2 (z - 1),
z 2/

Iwhere z varies from 1 to 1 + and A and are characteristics

of the powder form after decomposition.

I: A form for conducting such computations is presented on pages

691-692.
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'1able 7-c - Comp t.:t lon Foran for tl.o' Solutio, of Problems in

ia illst its by 1:xialasioll In 'laylor's Series.

Sub,.h rij t n: 1 2 3
('ompu11titioll Yol-mu 1,, oh w_' . 1 2 3

I me t - (n - j)h 0.0008 0.0016 0.0024

b - .. 0108 1 hi' 0 1.1322 0.3856
n

11' 1 ' hi 2 1 1 2 h 2 11" 0.0958 10.1928 0.3546
n+1 2 nIf

h3
hl" -0 3 b- too 0.0364 0.0606 0.1012

2h -0.0958 4 h 0.1322 0.3856 0.8414o n+1
22 0

h 0 - 0.0364

-n4 h 5 hn1- h_ . 165.3 482

-'1 7 k 6Vn 0.0308 0.0899
1 4

1 k 0.0001864 7 z 0.0297 0.0297 0.029710

8 z 0.0605 0.1196

- 1.06f; +j X. -0.O6 10 Oz+ 0.0002 0.0009

'n~l 0.0639 0.1259

12 k 2 0.0002 0.0016

k3 - 0.087030 13 ''n+ - kv2 0.0637 0.1243

k2 " 2,850,000 14 k - k3 V2 il - 181500 354300

•An+ I
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-c - Computation Form for the Solution of Problems in Jliternal
Ballistics by Expatsion iii laylor's Series.

Subscript n 0 1 2 3

Column No. 1 2 3 Re na rks

lime t - (n + 1)h 0.0008 0.0016 0.0024

I hi' 0 1.1322 0.3856 From line 4 of preced
column

2 h2 1" 0.0958 0.1928 0.3546 From line 25 of preceding
columij. IhtO li, e 26 of

h3  the given coluint..
3 2l" 0.0364 0.0606 0.1012 From line 28 of preceding2 n column.

Into line 27 of the given
1-,, hco1umil.

4 hI+ 1  0.1322 0.3856 0.8414 Into lie 1 of next column.

Into line 16 of next
column.

~hi'

5 Vn+m " 165.3 482
h

6 k 0.0308 0.0899+

7 z 0.0297 0.0297 0.0297 In a'l columns.

8 Z 0.0605 0.1196

9 X7n+1  0.0641 0.1268

+

10 0Az+. 0002 0. 0009

II 'nl 0.0639 0.1259

12 k3V24  0.0002 0.001A

13 k'n+l 32 0.0637 0.1243

14 k( L+ - k ,v+2 ) " 181500 354300
2'in+l 3 0+1

"An+l
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Table.t 7-c ((Ont 'd.)

i n 0 123ti
Co "1 t I ta ti or ,rI .I f o 1o uif No. 1 2 3

limhe t - (1 * 1)h 0.0008 0.0016 0.0024

15 0 0.0600 0.3088

p
2 16 hI' 0 0.1322 0.3856

k 1 11 k 3 1141k;kv

2i 11
1n41 "t In+1

In + h' + 17 + h21" 0.0479 0.0964 0.1773
f141 n +  i 2 n

1 2 13
+ 2h+I" + ah

n 3 n

() 0 - 0: Il - 0 18 13 h1l' 0.0121 0.0202 0.0337
00 32fn

19 n 0.0600 0.3088 0.9054
+

20 3.016 3.016 3.016

, - - (c- - 1.065 21 + 3.076 3.325

22 a4,n1l J68 0.134

23 n -"n-lt i - 3.008 3.191

24 P,,+l - -nkg,cm2 604 I100
ni+ I

h21n41 25 1 I 0.1928 0.3546 -

k h2 -0.0531192 26 -h2 p" -0.0958 -0.1928 -0.3546

3 ,,,

2 n 1 [n+l 27 - n. f' -0.0364 -0.0606 -0.1012

h2 ' 1 3  2 n

2 n

28 h 0.0606 0.1012"



n 0 2 3

Column No. 1 2 3 Remarks

Time t N (n + 1)h 0.0008 0.0016 0.0024
n+l

15n 0 0.0600 0.3088 From flue 19 of
preceding column

16 h1' 0 0.1322 0.3856 From line 4 of preceding
I6)l columl..

17 + h2 '  0.0479 0.0964 0.1773 - (of line 2 of the
2[I given column)

12 |8.3''  0.0121 0.0202 0.0337 . (of line 3 of the givenJS32"n 3

column)

19n+l 0.0600 0.3088 0.9054 Into line 15 of next! column
i • +20 ___3.016 3.016 3.016 In all columns

21. 1n+l + /A 3.076 3.325

22 1:+I t7 J6 8 0.134 :

23 n +14- 3.008 3o191

-~ ~+1 •

24 Pn+l " fkg/cm2 604 1100

25 0.1928 0.3546 Into lines 2 and 26 of
next column

26 -b2 1" -0.0958 -0.1928 -0.3546 From line 25 of precedingn column

3
27 .Lits 0.0364 -0.0606 -0.1012 From line 28 of precedi'.g

2 n - column

28 0 0.0606 0.1012 Into lines 3 and 27 of2 "n+l next column

. ..



, I
([ .- ." h/' - 18f' s 0.012" 0.0202 0.0337

I ',4, 0.06(M 0.3088 0.9054 I

I C
20 IA .3.01G 3.016 3.016 1

V . -,.. - 1.065 2 1 + f 3.076 3.325

22 a'n1 I J684 0.134

23 Bnl - 3 .0 0  3.191

24 Pnl i n+Ikg'cm2  604 1100
Bn~l

2' 2 2  .h21.h k hpn 25 1 0.1928 0.3546 I

%4h 2 - 0.0531192 26 -h2 1,n -0.0958 -0.1928 -0.3546 FIco
2 n-l n+l 27 - I 1' -0.0364 -0.0606 -0. 1012 F

3 2 n c
- h2  - -" In 2 n 1

28 h3 n' 0.0606 0.1012 11

Formulas for the second period:

I 1 ++K

when IIA vv.. V A  P PA.

PK and K are determined from first period whteij s- 1.
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1 h3feet 0.0121 0.0202 0.0337 1-3" 2n - -(of lI e 3 ol the gi 'Ci,

Co I uno)

1n+1 0.0600 0.3088 0.9054 Into line 15 of next
Icolumn

+ 3.016 3.016 3.016 In all columns

* 1n+1 + 'A 3.076 3.325

ta~n+l C :-J69 0.134

Bn+l "' In+ + A - 3.008 3.191

n+ . n+ 1

Pn1 l - . kg/cm2  604 1100
Bn+l

h2 it 0.1928 0.3546 - Into lines 2 and 26 of
n+l next column

Wb2 1" -0.0958 -0.1928 -0.3546 From line- 25 of preceding
column

o' -0.0364 -0.0606 -0.1012 From line 28 of precedi:.g
2 n column

0 llt 0.0606 0.1012 Into lines 3 ad 27 of
2 n+1 next column

Formulas for the second period:// 1',+ +K°2 t
K1- ,z ( 1 k k v , ) P , VNP X l

*whe V"' pnp.S- P PA

are determined from first period when *- 1.

692
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1he extreme left column contains the "computation lormulas"

and constants of System (I); in the next column to the right these
f

lormulas are broken down Into individual operations, which, are

followed in the computations.

lo start with, the first column (No. 1) corresponding to the

& time interval 0 to h is filled in first. In this column the..gubscript

n relates to the stArt of the interval, and the subscript n+1 relate.s

to its end; for this column n - 0 and n+l - 1.

For the next (second) column, n - 1, n+l - 2p etc. For the

first column, computation of the constants gives us at n - 0 1 - 0U

(the path at the start of the motion), which we write on line 15;

hi' - 0 (the velocity at the start of the motion) is written on

lines 1 and 16; h21n - h 21" " 0.0958 is written on lines 2 and 26;
h3 n 0 1 2

i-"' is written on lines 3 and 27. Line 17 is filled with -(h 1"),
0 2

and line 18 with ,, 1 0 ) hus, all the quantities with the subscript

n - 0 are inserted in the first column. We now subject them. to the

necessary operations. 1he sum of the first three rows gives the

fourth hi'+1 - hl;+1 , which is immediately transferred to lines 1

and 16 of the neighboring column wherein, provided with the subscript

n, It characterizes the value of this quantity at the start of the

next interval; we then determine Vn+1, Zn+l, *n+l' and A,+,. By

adding the four rows from line 15 through line 18, we obtain in line

19 1 n+ - the path of the projectilc at the end of the given interval

of time - and this quantity, provided with the subscript n is

transferred to line 15 of the neighboring column. After determining

A n+1 and multiplying it by k h2 , we obtain h2t'+l, which we

Pn+l I B4n+

write on line 25 of the first column and on lines 26 and 2 of the
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next column, where this quantity acquires the subscript n, as does

also - (h 1 ), which is written.in line 17 of the next column.
2 n.l

After performitig the operations indicated In the form with liner
3

259 26, and 27, we obtain in line 28 of the first column h- 1"'
2 ,i'l

which we immediately transfer to lines 3 and 27 of the nex-t column,

while -11 I ) is written in line 18 of the same column.
3 2 n+l

Thus# all operations with the quantities- bearing the subscript

n in the second column are already prepared, and the second column

is then treated In the same manner as was the first.

Constants such as z0 in line 7 and IA in line 20 are inserted

in the series of columns in advance.

By applying the same rules to the neighboring second column,

we shall gradually, step by step, obtain values for v, z, , |,

and p as functions of t - (n+l)h, and this is continued to the end

of burning or to the instant of emergence of the projectile from

the bore, it being necessary to use '- 1 After the end of burning.
I

In performing the computations it is necessary to exercise

extreme care not to commit any errors, because an error in one of

the preceding columns will distort the results obtained in the

succeeding columns.

It is best to follow up the computation of the data in each

column by plotting them on graph paper as a function of t.. In so

doing an error in the given column will cause a deviation from the.

regular disposition of the points derived from the preceding columns,

( and such an error can be detected and corrected.

As a criterion of accuracy, it is also useful to plot on the
3

diagram the third derivative (or " n the last row) which
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should first incr east-, thvn fi ss through a Ir..,ximufn, then become

zero (W - 0) It tht. iinzst-it p is attainedand thereupon acquire-

.1 ne:gative vwlue, fiuctuating'slightly in either direction. h3,

The instant of tim- cut off on the diagram at p = 0 or L ' - 0/ t 2
corresponds to the iifstant of maximum pressure, and all elements

for it are bst taken from the di-gram

The time tK corresponding to the end of burning of the powder

is determined from the diagram on the basis of the *, t curve at

4'- 1; thereupon, the elements cor/esionding to the end of burning

of the powder for this time are found by interpolation. If, without

changing the segments At - h, the second period is computed as a

direct continuation of the first, assuming + - 1 and I *- I1 throughout,

the third derivative I'" usually begins to fluctuate, sometimes
t

entering the region of positive values, which contradicts the

physical nature of the process of pressure change.

For this reason, once the elements of the end of burning

tK, VK' 'K, and pK have been obtained from the computation of the

first period, the procedure is continued .by adopting the same step-

At - h with tK as the starting point by first computing the values

of the path and of its derivatives for the start o.f the second period

in accordance with the following formulas:

= *,,2 h2 S h24P

1(0) 1 K hl(0 ) - hvK; h2 1( "PK h k ;

(0) imK kp;

(0) ~~(1-( -.IK --- k(l +e)I -+

2 (0) 2 cfm +1 * 2 4 K
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whereupon they are uritten in the initial coluviih for comput.,tilig

the data of the second.period and subjected to the s:,ir op' r,,tiol..S

as xin the first period, with the sole exceptious that %'- I is

assum.d in line 11 and that lines 6-10 are omitted.

Tbe computation is continued in this manner until n /,

If n " /A, the remaining elements v and p are obtained
n+l AA A

automatically in the same column for the subscript n+l; if I n+1 > 1

the comput'tions in this column must be carried as far as line 24,

with lines 6-10 omitted, whereupon the value of IA is used to obtain

tA by Interpclation in the last column for the purpose of subsequently

obtaining the elements pA and VA .

Instead of expanding in.a series after obtaining the elements

corresponding to the end of burning of the powder, it is possible to

compute vA and pA by means of the usual second-period formulas, but

without determining the time t.

j The solution by expansion in a series is applicable to both

the geometric and the physical law of burning of powder. In the

latter case:

v m pdt -(I - I

0

from which we have the following expression for I:

0: 0

and the correlation between %? and z is replaced by the graphical

dependence of I upon', which is found from the bomb test.
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The t'quation fo: (y. ) Is repL 'ed by the following expression:

0,-5' PO2p) - 0 1

and:

S

h3  h3 kk A

0 2 4 2 12° P

where F is the value of the experimental function r corresponding

0

to the quantity 4- '0"

In the case of ballooning powders, r is greater than in the0

case of the geometric law of burning, and therefore the values of

both the first derivative p' and of p itself will increase moret

rapidly, and the maximum pressure will occur earlier. If the

V propellant force of the powder is the sume, the maximum pressure will

be greater in the case of the physical law of burning with ballooning

than in the case of the geometric law of burning.
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